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Relativistic Aharonov–Bohm effect in the presence of two-dimensional
Coulomb potential
V.R. Khalilov∗
Physics Department, Moscow State University, 119899, Moscow, Russia
We obtain exact solutions to the Dirac equation and the relevant binding energies in the combined
Aharonov–Bohm–Coulomb potential in 2+1 dimensions. By means of solutions obtained the quan-
tum Aharonov–Bohm (AB) effect is studied for free and bound electron states. We show that the
total scattering amplitude in the the combined Aharonov–Bohm–Coulomb potential is a sum of the
Aharonov–Bohm and the Coulomb scattering amplitudes. This modifies expression for the standard
Aharonov–Bohm cross section due to the interference these two amplitudes with each other.
I. INTRODUCTION
The quantum Aharonov–Bohm (AB) effect, predicted by Aharonov and Bohm [1], was analyzed in
many physical sides in numerous theoretical and experimental works (see, [2]). The AB effect occurs when
electrons travel in a certain configuration of a vector potential Aµ in which the corresponding magnetic
flux is confined to a finite-radius tube topologically equivalent to a cylinder. In the case of cylindrical
external field configuration, where a natural assumption is that the relevant quantum mechanical system
is invariant along the symmetry (z) axis, the system then becomes essentially two-dimensional in the xy
plane [3].
When an electron travels in an Aharonov–Bohm potential the electron wave function acquires a (topo-
logical) phase which further influences interference pattern. The vector potential can produce observable
effects because the relative (gauge invariant) phase of the electron wave function, correlated with a non-
vanishing gauge vector potential in the domain where the magnetic field vanishes, depends on only the
magnetic flux [3]. In definite sense one can say that the Aharonov–Bohm effect is due to the topological
properties of a space of electron wave functions in a topologically nontrivial background.
In works [4, 5] the contribution in the AB amplitude, which can arise from the inclusion the spin-orbit
interaction of the electron magnetic moment with the electric field oriented along the solenoid axis, was
theoretically studied in the nonrelativistic approximation. This effect has been recently confirmed in
experiment [6]. We note that this quantum system also has the axial symmetry.
Many physical phenomena occurring in quantum systems of electrically charged fermions, which have
the axial symmetry, can be studied more effectively by means of the corresponding Dirac equation in 2+1
dimensions that enables one to consider the relativistic effects.
A permanent interest in this topic also is stimulated by the studies of (2+1)-dimensional models in
both high-temperature superconductivity [7] and particle theory (including the quantum Hall effect [8]
and the degenerate planar semiconductors with low-energy electron dynamics [9])[7-14]).
In section II we study the electron states in an Aharonov–Bohm potential and discuss the topological
properties of a space of electron wave functions in 2+1 dimensions. In section III we obtain exact
solutions of the Dirac equation for bound electron states in 2+1 dimensions in the combined Aharonov–
Bohm–Coulomb potential. In section IV solutions of the Dirac equation for the scattering problem in
2+1 dimensions in the combined Aharonov–Bohm–Coulomb potential are obtained. In section V the
Aharonov–Bohm scattering in the combined Aharonov–Bohm–Coulomb potential are discussed.
We use the units where c = h¯ = 1.
II. ELECTRON STATES IN AN AHARONOV–BOHM POTENTIAL
The most wide configuration of external fields, in which exact solutions of the Dirac equation in 2+1
dimensions are managed to find in the form of special functions, seems to be the configuration of an
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2Aharonov–Bohm potential
A0 = 0, Ax = −By
r2
, Ay =
Bx
r2
; A0 = 0, Ar = 0, Aϕ =
B
r
, B =
Φ
2pi
,
r =
√
x2 + y2, ϕ = arctan(y/x), (1)
and as well as a vector
A0(r) = − a
er
, Ar = 0 (2)
(where e is the electrical charge of a fermion) and a scalar U(r) = −b/r Coulomb potentials.
In three-dimensional space such a configuration is the magnetic field of an infinitely thin solenoid
creating a finite magnetic flux Φ in the z direction (the magnetic field Bz = Φδ(r)) and the electric field
of a thin thread oriented along the solenoid axis perpendicular to the plane z = 0 and having both electric
and scalar charges of constant linear densities a/2 and b/2, respectively. The interaction with a scalar
field can be introduced in theory by means of replacement m → m+ U , where m is a fermion mass. In
our problem this scalar interaction is not actual and so below is not considered.
In 2+1 dimensions, the Dirac γµ-matrix algebra is known to be represented in terms of the two-
dimensional Pauli matrices, σj [12]. In addition, two kinds of fermions can be introduced in accordance
with the signature of the two-dimensional Dirac matrices [12]
η = i2Tr(γ
0γ1γ2) = ±1,
where two signs of η correspond to two nonequivalent representations of the Dirac matrices. We choose
γ0 = ησ3, γ
1 = iσ1, γ
2 = iσ2.
It will be noted that the model with charged fermions is invariant under the charge conjugation operation
and the transformation m → −m, which is equivalent to the transformation γµ → −γµ or η → −η.
Hence, we can fix signs e and m.
Let us consider an electron of mass m > 0 and charge e in the xy plane in potential (1). The Dirac
equation in 2+1 dimensions in potential Aµ is
(γµPˆµ −m)Ψ = 0. (3)
Here Pˆµ = −i∂µ − eAµ is the generalized electron momentum operator.
We seek solutions of Eq. (3) in (1) in the form
Ψ(t,x) =
1√
2pi
exp(−iEt+ ilϕ)ψ(r, ϕ) , (4)
where E is the electron energy, l is an integer, and
ψ(r, ϕ) =
(
f(r)
g(r)eiϕ
)
. (5)
Electron wave function in field (1) (limited at r = 0) has the form
Ψp(r, ϕ) = e
−iEt+ilϕ
√
pip
2E
( √
E + ηmJ|ν|(pr)
−i√E − ηmeiϕJ|ν+1|(pr)
)
. (6)
Here p =
√
E2 −m2, and Jν(pr)) is the Bessel function of the index
ν = |l + eB|.
It should be noted that the irregular solution can be eliminated only at the definite limitation on
admissible values of |ν|. Indeed, in order that the irregular (the Neumann function N|ν|(pr)) solution
can be eliminated we need to allot it on the “background” of the regular solution J|ν|(pr) at r → 0 what
leads to condition |l + eB| > 0.
Wave functions are normalized by condition∫
ψ∗p,l,ηψp′,l′,ηd
2x = 2piδl,l′δ(p− p′). (7)
3At B = 0 one recover the free electron solutions in 2+1 dimensions from (6).
We note that solutions (6) are one-valued only when the index ν is an integer, for example l + s. In
this case the magnetic field flux is quanitized as
Φ = 2pih¯cs/e ≡ Φ0s,
where Φ0 is the elementary magnetic flux, and eB = s. If eB is not an integer solutions (6) are many-
valued.
One can define the scattering amplitude (SA) in a conventional manner. We assume that the incident
electron wave is from the left and the wave function is normalized by the standard manner, i.e. the upper
component of the incident wave is ψ = eipx. In fact, the electron wave function in potential (1) must
have at r →∞ the asymptotic form
ψp(r, ϕ) =
(
1
−ip/(E + ηm)
)
eipx+ieBϕ +
(
1
ip/(E + ηm)
)
f(ϕ)√
r
eipr. (8)
Here f(ϕ) is the scattering amplitude.
Written ψ(r, ϕ) in the form
ψ(r, ϕ) =
∞∑
l=−∞
AlJ|ν|(pr)e
ilϕ, (9)
it is easily to show that we must put
Al = e
−i(pi/2)|l+eB|. (10)
The scattering amplitude is proportional to Sl − 1 ≡ e2iδl − 1, where δl = (ν − l)pi = eBpi ≡ eΦ/2h¯c are
the partial phase shifts. They depend upon only total magnetic flux Φ.
Coefficient before eipr/
√
r, is the standard Aharonov–Bohm amplitude
fA(ϕ) =
1√
2pipi
e−iϕ(s−1/2) sin(eΦ/2)
sin(ϕ/2)
. (11)
Here eΦ = 2pis+ 2pi∆, −1/2 ≤ ∆ ≤ 1/2.
In order to give “topological” properties of solutions one can define the so-called “topological” current
Jµ = ψ∗eµνρ[−ixν∂ρ + e∂νAρ]ψ = −iψ∗eµνρxν∂ρψ + jµ, (12)
where ∂µ ≡ ∂∂xµ , and ψ is free electron wave function (at B = 0). Currents Jµ and jµ satisfy continuity
equations ∂µJ
µ = ∂µj
µ = 0 and, therefore,
Q =
1
2pi
∫
J0dr =
∫
ψ∗
(
−i ∂
∂ϕ
+ 2pieBδ(r)
)
ψdr, (13)
and
q =
1
2pi
∫
j0dr = eB
∫
ψ∗δ(r)ψdr =
eB
h¯c
=
Φ
Φ0
=
[
Φ
Φ0
]
+
(
Φ
Φ0
)
d
(14)
(where [Φ/Φ0] is the integer part of Φ/Φ0) are conserved. Quantity [Φ/Φ0] is the “topological number”,
and q − [Φ/Φ0] can be called the “topological defect”.
Note that the topological quantities introduced here characterize such properties of solutions as the
limit, continuity, and uniqueness, in difference from the usual topological numbers which are by the
boundary conditions for solutions at r → ∞. The latter is conserved due to the finiteness of energy. In
our case the “topological defect” is of importance. It occurs due to the branching of solutions in the point
x, y = 0. One can as well say that if eB is not an integer than an electron wave function in potential (1)
gains “topological” phase.
4III. BOUND STATES
Now we consider the bound electron states and binding energies in the combined Coulomb–Aharonov–
Bohm potentials. Looking for solutions in form (4) after simple standard rearrangement, we obtain for
f(r) and g(r)
df
dr
− l + eB
r
f +
(
E +m+
a
r
)
g = 0,
dg
dr
+
1 + l+ eB
r
g −
(
E −m+ a
r
)
f = 0. (15)
Here and below we put η = 1. The functions f(r) and g(r) are normalized
∞∫
0
(|f2|+ |g2|)dr = 1. (16)
Further, following [15] for f(r) and g(r), we obtain
f(r) =
√
m+ Ee−ρ/2ργ−1(Q1 +Q2) ,
g(r) = −
√
m− Ee−ρ/2ργ−1(Q1 −Q2) , (17)
where
ρ = 2λr, λ =
√
m2 − E2, (18)
γ is determined by
γ =
1
2
±
√(
l + eB +
1
2
)2
− a2, (19)
and solutions (finite at ρ = 0) are expressed in terms of the confluent hypergeometric function F (b, c; z):
Q1 = AF
(
γ − 1
2
− aE
λ
, 2γ; ρ
)
,
Q2 = CF
(
γ +
1
2
− aE
λ
, 2γ; ρ
)
. (20)
The constants A and C are related by
C =
γ − 1/2− Ea/λ
l + eB + 1/2 +ma/λ
A. (21)
At (l+ eB+1/2)2 > a2 γ is real, and must be chosen positive. If a2 > (l+ eB+1/2)2 then both roots
of γ are imaginary and corresponding wave functions oscillate at r → 0. So the pure Coulomb field in
2+1 dimensions can be considered only for (l + eB + 1/2)2 > a2.
In order to Q1 and Q2 were normalized they must reduce to polynomials. For F (b, c; z) it means that
b must be equal to a negative integer or zero, therefore
γ − 1
2
− Ea
λ
= −n. (22)
It is easily to show that admitted values of the quantum number n are: 0, 1, 2,. . . for l + eB + 1/2 > 0
and 1, 2, 3,. . . for l + eB + 1/2 < 0, and the discrete electron energy levels are given by
En = m
[
1 +
a2
(n+
√
(l + eB + 1/2)2 − a2)2
]−1/2
. (23)
Functions (20) are one-valued only for integers eB. It is seen from (23) that the Aharonov–Bohm
potential influences the radiation spectrum of electron. In addition, if eB are not integers, the phases of
electron wave functions of bound states also depend upon flux parameter eB owing to factor e−iEn(eB)t.
5It should be remarked that solutions of Klein–Gordon equation contain parameter
γs =
√
(l + eB)2 − a2, (24)
therefore
Esn = m
[
1 +
a2
(n− 1/2 +
√
(l + eB)2 − a2)2
]−1/2
. (25)
This expression makes sense only when |l + eB| > a2, a condition that forbids the existence of the l = 0
energy level at B = 0.
IV. AHARONOV–BOHM SCATTERING IN THE PRESENCE OF A COULOMB
POTENTIAL
The wave functions of the continuous spectrum (E > m) can be obtained from (17) by means of
replacements
√
m− E → −i
√
E −m, λ→ −ip, −n→ γ − 1/2− iaE/p. (26)
These functions should also be normalized anew. After replacements (26), let us represent f and g in the
form(
f
g
)
=
( √
E +m√
E −m
)
A′eipr(2pr)γ−1[eiξF (γ − 1/2− iµ, 2γ,−2ipr)∓ e−iξF (γ + 1/2− iµ, 2γ,−2ipr)],(27)
where A′ is the normalization constant and
µ =
aE
p
, e−2iξ =
γ − 1/2 + iµ
l + eB + 1/2− iµ′ , µ
′ =
ma
p
≡ µm
E
.
We note that quantity ξ is real.
After simple transformations given for three-dimensional case in [15], we obtain
(
f
g
)
=
√
E ±m
Ep
(2pr)γ
r
|Γ(γ + 1/2 + iµ)|
Γ(2γ)
epiµ/2
e−i(pi/2−γ+1/2+µ ln 2pr−arg Γ(γ+1/2+iµ))
( ℑ
ℜ
)
[ei(pr+ξ)F (γ − 1/2− iµ, 2γ,−2ipr)]. (28)
Here Γ(z) is Γ function.
Asymptotically, the wave function has the form
(
f
g
)
=
√
2(E ±m)
Er
(
sin
cos
)
(pr + δl + µ ln 2pr − pil/2) , (29)
where
δl = ξ − piγ/2− argΓ(γ + 1/2 + iµ) + pi/4 + pil/2, (30)
and
e2iδl =
l + eB + 1/2− iµ′
γ − 1/2 + iµ
Γ(γ + 1/2− iµ)
Γ(γ + 1/2 + iµ)
eipi(l−γ+1/2). (31)
The expression for the analytical continuation of Eq. (31) in the range E < m
e2iδl =
l + eB + 1/2 + (am)/λ
γ − 1/2− (aE)/λ
Γ(γ + 1/2− (aE)/λ)
Γ(γ + 1/2 + (aE)/λ)
eipi(l−γ+1/2) (32)
6has the poles at the points where γ + 1/2 − (aE)/λ = 1 − n, n = 1, 2 . . ., as well as at the point
γ − 1/2− (aE)/λ = −n = 0. In these points the energy levels are discrete. Near the poles with n 6= 0, it
is easily to obtain
e2iδl ≈ (−1)n+l (l + eB +R+ 1/2)λ
3
Γ(n+ 1)Γ(2γ + n)m2a(E − E0)e
−ipi(γ−1/2). (33)
The residue of function exp(2iδl) in its pole is related to the coefficient in the asymptotic expression of
the wave function of the corresponding bound state as follows
f ≈ A0e−λr, g =
√
m− E
m+ E
f. (34)
where
A0 =
[√
m+ E
m− E
(l + eB +ma/λ+ 1/2)λ3
2m2aΓ(n+ 1)Γ(2γ + n)
]1/2
(2λr)γ+n−1/2. (35)
Now we consider the scattering problem in 2+1 dimensions in the combined Coulomb–Aharonov–Bohm
potentials. The total phase shifts according to (29) are
δl = −piγ/2 + pi/4 + pil/2 + ξ − argΓ(γ + 1/2 + iµ) ≡ δAB + δal , (36)
where
δAB = −piγ/2 + pi/4 + pil/2 (37)
and
δal = ξ − arg Γ(γ + 1/2 + iµ) (38)
are the phase shifts due to the Aharonov–Bohm and the Coulomb potential, respectively. Note that δAB
and δal weakly depend on a and eB, respectively.
The total scattering amplitude is proportional to
ftot(ϕ) ∼
∞∑
l=0
[exp(2iδA + 2iδ
a
l )− 1]. (39)
The difference in the square brackets is written in the form [16]
exp(2iδAB + 2iδ
a
l )− 1 = [exp(2iδA)− 1] + [exp(2iδAB)(exp(2iδal )− 1)]. (40)
The Coulomb phases mainly contribute in the scattering amplitude at large l, so their contribution
can be calculated in the quasi-classical approximation. After simple calculations and taking into account
Eq.(11), we obtain
ftot(ϕ) =
1√
2pipi
1
sin(ϕ/2)
[
sin(pieB)e−iϕ(s−1/2) +
am
p
eipieB
]
≡ fAB(ϕ) + fa(ϕ). (41)
From Eq. (41) it follows that these two amplitudes interference with each other in the scattering cross
section:
dσ = |ftot(ϕ)|2dϕ = dϕ
2pip sin2 ϕ/2
[
sin2 pieB +
(
2am
p
)
sinpieB cos(sϕ+ ϕ/2 + pieB) +
(
am
p
)2]
. (42)
From Eq. (42) it is seen that the periodic dependence of the interference term in the cross section differs
for toward (ϕ = 0) and backward (ϕ = pi) scattering.
7V. RESUME
It is shown that the gauge-invariant (observable) quantities are the quantum-mechanical phases of
electron wave functions and the energies of bound states in both quantum and classical mechanics. The
gauge-invariant phase is the phase, which acquires the electron wave function when the electron travels
along a closed path which encircles a thin solenoid (oriented along the axis z) in the plane z = 0. It will be
recalled that the quantum wave associated with each electron in the entrance splits into two wave packets
that go around the solenoid with different sides. The ways of these wave packets intersect in the exit
to result in a closed contour. So, though the Aharonov–Bohm potential satisfies equation [∇×A] = 0
everywhere in the plane except the point x = y = 0, the integral that gives the magnetic flux Φ through
a closed contour C enclosed by the wave packets∮
Ads = Φ
is defined unambiguously.
Classical electron (with the energy E and the moment of momentum L0 with respect to axis z) trajec-
tory in the Aharonov–Bohm potential is line
r =
rmin
cos(ϕ− ϕ0) , rmin =
L0c+ eB√
E2 −m2c4
and the scattering angle is zero.
Electron energy expressed via the action variables Jr and Jϕ is
En = mc
2
[
1 +
a2
(cJr +
√
(cJϕ + eB)2 − a2)2
]−1/2
.
After quantization (Jr = h¯n, Jϕ = h¯(l + 1/2)) it follows from this formula Eq.(23).
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